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Answer any six and each question carries 5 marks

1. Prove that any continuous function on [a, b] is Riemann-integrable.

2. Prove that f ∈ R[a, b] if and only if f ∈ R[a, x] and f ∈ R[x, b] for any x ∈ [a, b].

3. If f, g ∈ R[a, b], prove that f + g ∈ R[a, b].

4. Let f ≥ 0 be a decreasing continuously differentiable function on [0,∞) and∫∞
0

f(x)dx converge. Prove that limx→∞ xf(x) = 0 and
∫∞
0

xf ′(x)dx converges.

5. Determine all continuous f :R → R such that f(x) =
∫ 1

0
f(x+ t)dt for all x ∈ R

and f attains its maximum on R.

6. Let (fn) be a sequence of differentiable functions on [a, b]. Assume that (f ′
n)

converges uniformly on [a, b] and (fn(x0)) converges for some x0 ∈ [a, b]. Show
that (fn) converges uniformly to a function f on [a, b] and f ′

n → f ′.

7. Let f :R → R be a uniformly continuous function. If fn(x) = f(x + 1/n) for
all x ∈ R, prove that (fn) converges uniformly to f on R. Is the result true if
uniform continuity is replaced by continuity. Justify your answer.

8. Let (fn) and (gn) be sequences of bounded functions that converge uniformly.
Prove that (fngn) converges uniformly.
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